
 

MATH 2028 Line Integrals

GOAL Define the line integral of functions

and vector fields along curves in Bn

First we recall

Def'd A regular parametrized curve in B is

a C map 8 a b B s t

j't to V EE Ca b

sett 8
Written in coordinates
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Q How to do integration on a curve in IR

To integrate a function fi R IR along a

parametrized curve 8 9 b Bn we simply

define

ft ds fab forces 18kt Idt

Remark By the change of Variables
Thm the

integral f fds is determined by and the

image C of the awe but NIT depend on

how the curve is parametrized Notation SF ds
C

EI The two parametrization

8 Ct cost Sint EG Co 2h

u cos 2h Sin Zu U C Co a

both parametrize the same unit circle in BZ
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Def'd The length of a parametrized curve

Va Ca b R is defined to be f Ids
8

Besides functions sometimes we want to integrate

more general objects along
a curve in IR In

particular given a vector field F B B

and a parametrized curve 8 Ca b B we

define the line integral of f along 8 as

F dir fab F sets Jct dt

f vector field
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Remark Physically the integral above computes

the work done by a force F in displacing

an object along the path 8



Example 1 Evaluate the line integral of

the vector field f CX y Z 0,0 Xy along

the line segment C from 1 I o to C2,2 2

Solution
Z

Step 1 Parametrize the curve 2.2.27

TH l t 1 I o t t 2 2,2 C
Y

Itt It 3T 2e Q

where 0 E E E 1

Step 2 Evaluate the line integral

F rcti O O Itt C I 13T

V'Ct 1,3 2

F rcti Ht 2 Itt C I 13T

F di fo F Htt Heldt fo z Itt C I 13T dt

2,1L I 12T 13 dt 2
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We can write the line integrable as the integral

of the function F T along the same curve

F di fab f 8th Ty 1184111 dt

k

f f T ds

This implies that J F dir remains unchanged
8

if we re parametrize the curve in the SAME

orientation Notation I F DF

Prop F dir F dir

where C denotes the curve C with reversed

orientation

Proof Suppose C is parametrized by

Jct Ca b B

then C is parametrized by

Tcu _T atb u Ca b B



Therefore we have

F di fab F Icu J cu du

fab f maths u f r catb u du

substitute
t.a.su fabFCHtD.rttIdt fF.dr

C
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EX Re do Example 1 for the same curve

with reversed orientation

The following example shows that the line

integral in general depends not just
on

the endpoints of the path but also on the

particular path joining them

Example 2 Evaluate the line integral of

the vector field f CX 9 Y X along

each of the parametrized curves Ci and Cz

joining 1,0 to Co 1 given by
n



C n Nlt cost sine o E t E Iz

Cz 82Ct l t t O E t E 1

Solution y

oilAlong Ci We have

sqT Ct cost sin t Cz
x

Ico
8 Ctl C sine cost

f 8 Ctl f Sint cost

FC2 tl vice sin't 1 cos't I

F di 1 1 dt Iz

Along Ci we have

Mlt l t t FCKCtl C t l t

82kt C l l Fouts K't I

J F dir fo't 1 dt I

Cz

Note FF di f f e de
even though C G

C c have the SAME endpoints



Remark All the discussions above can be done

on piecewise C curves like this

83
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T.IE
by breaking up the integrals and evaluate on

each C curve Ti and sum them up


